NEF DIVISORS IN CODIMENSION ONE 
ON THE MODULI SPACE OF STABLE CURVES 



ATSUSHI MORIWAKI 



Abstract. Let M g be the moduli space of smooth curves of genus g > 3, and M g the Deligne- 
Mumford compactification in terms of stable curves. Let Mjp be an open set of M g consisting 
of stable curves of genus g with one node at most. In this paper, we determine the necessary and 
sufficient condition to guarantee that a Q-divisor D on M g is nef over M^thatis, (D-C) > Ofor 
all irreducible curves C on M g with C n M g 1] ^ 0. 
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Introduction 

Throughout this paper, we fix an algebraically closed field k, and every algebraic scheme is 
defined over k. For simplicity, we assume that the characteristic of k is zero in this introduction. 

Let X be a normal complete variety and V a certain kind of positivity of Q-line bundles on X 
(e.g. ampleness, effectivity, bigness, etc). A problem to describe the cone Cone(X; V) consisting 
of Q-line bundles with the positivity V is usually very hard and interesting. In this paper, as 
positivity, we consider numerical effectivity over a fixed open set. Namely, let U be a Zariski open 
set of X. We say a Q-line bundle L is nef over U if, for all irreducible curves C with C D U ^ 0, 
(L ■ C) > 0. We define the relative nef cone Nef (X; U) over U to be the cone of Q-line bundles 
on X which are nef over U. 

Let g and n be non-negative integers with 2g — 2 + n > 0. Let M 9 , n (resp. M g>n ) denote the 
moduli space of n-pointed stable curves (resp. n-pointed smooth curves) of genus g. For a non- 
negative integer t, an irreducible component of the closed subscheme consisting of curves with 
at least t nodes is called a t-codimensional stratum of M g , n - (For example, a 1-codimensional 
stratum is a boundary component.) We denote by S t (Mg tn ) the set of all t-codimensional strata of 

M g ,n- Let Mgjn be the open set of M g , n obtained by subtracting all (t + l)-codimensional strata, 
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i.e., Mgjn is the open set consisting of curves with at most t nodes. (Note that M g °} n = M fl) „.) Here 
we consider the following problem: 

Problem A. Describe the tower of relative nef cones 

Nef(M 9 , n ; M g , n ) D Nef(M 9 , n ; D ■ ■ • D Nef(M 9 , n ; Mj^ _3+n_1 ') = Nef(M 9 , n )- 

We say a Q-divisor on M 9jJl is F-nef if the intersection number with every 1-dimensional stratum 
is non-negative. Let FNef (M g , n ) denote the cone consisting of F-nef Q-divisors. Concerning the 
top Nef {M g>n ) of the tower, it is conjectured in [gp, [0] and [§] that FNef (M ff ,„) = Nef (M ff ,„). 
In other words, the Mori cone of M g ^ n is generated by 1-dimensional strata, which gives rise 
to a concrete description of Nef(M 9 n ) (cf. [f|], [0] and [|5|]). Moreover, it is closely related to 
the relative nef cone Nef(M 9i „; M gn ). Actually, it was shown in that if the weaker assertion 
FNef(M 9in ) C Nef (M 3>n ; M g<n ) holds for all g,n, then FNef(M g , n ) = Nef(M s , n ). Further, as 
discussed in M g>n admits no interesting birational morphism to a projective variety. However, 
we can expect the rich birational geometry on M g>n in terms of rational maps. In this sense, to 
understand the tower of relative nef cones as above might be a step toward this natural problem. 

We assume that g > 3 and n — 0. Let A be the Hodge class on M g , and 5 irr , 6\, . . . , 8tg/2] the 
classes of irreducible components of the boundary M g \ M g . Let /i be a divisor on M g given by 

[9/2] 

H=(8g + 4) A - gSirr - te(g - i)^. 

i=l 

In the paper JTl]], we proved that Nef (M s ; M s ) is the convex hull spanned by ji, 5 irr , Si, . . . , S[ g / 2 ], 
that is, 

[9/2] 

Nef (M g ; M g ) = Q + /x + Q+5 irr + ^ Q + 5 i5 

i=l 

where Q + = {x G Q | x > 0}. The main result of this paper is to determine Nef (M g ; M g ). 

Theorem B (cf. Theorem |5TT|). A Q-divisor a/2 + b irr 5 irr + Xl!=i' on M g is nef over M g ^ if 
and only if the following system of inequalities hold: 

a > max < — — ^ — - I i = 1, . . . , fo/21 

Bo > Bi > B 2 > ■ ■ ■ > B[ g /2], 

^[ g / 2 ] > • ■ ■ > B 2 > B 1 > tt Q , 

where B , Bq, Bi and B* (i = 1, . . . , [g/2]) are given by 

Bo = 46,> r , BX = — ; — ■ r, Bi = — ; — ■ — r- and B* = — — — ; r- 

0(20-1)' z(2z + l) 1 (g-i)(2(g-i) + l) 

An interesting point is that the above theorem shows us that /i is not only nef over M g but also 

nef over Mg . Moreover, the theorem tells us that every nef Q-divisor over M g can be obtained 

in the following way. Namely, we first fix a non-negative rational number b irr , and take b± with 

4{9 ~ 1)bi - < bl < I2b„ r . 
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Further, we choose 6 2 , • • • , &[g/2] inductively by using 

( g - 1-Q(2(ff-Q-1) (i + l)(2» + 3) 

(g-i)(2(g-i) + l) 0i - 0i + 1 - z(2z + l) ' 

Finally, we take a with 

a>max{ i ^- y |z = l,...,[,/2] 

Then, a Q-divisor given by a/i + b irr 5 irr + Xl!=i^ * s ne f over -^s^- Further, as corollaries of 
the above theorem, we have the following. 

Corollary C (cf. Corollary |5^2"[ ). For an irreducible component A of the boundary M g \ M g , let A 
be the normalization of A, and pa : A — > M g the induced morphism. Then, a Q-divisor D on M g 
is nef over Mg 1 ' if and only if the following are satisfied: 

(1) D is weakly positive at any points of M g . 

(2) For every boundary component A, p\{D) is weakly positive at any points of p&{M g ) 
For the definition of weak positivity, see § |1.1[ 

Corollary D (cf. Corollary |53[ ). With notation as above, if p* A (D) is nef over p^ 1 (Mg) for every 
boundary component A, then D is nef over Mg 1 '. In particular, the Mori cone of M g is the convex 
hull spanned by curves lying on the boundary M g \ M g , which gives rise to a special case of [§, 
Proposition 3.1]. 

Let us go back to the general situation. Similarly, for A £ S l (M g>n ), let A be the normalization 
of A, and pA '■ A — > M 9i „ the induced morphism. Inspired by the above corollaries, we have the 
following questions: 

Question E. For a non-negative integer t, if a Q-divisor D on M 9in is nef over M g J n , then is p\(D) 
weakly positive at any points of p^ 1 (M g j n ) for all < I < t and all A £ S l (M g ^ n )l More strongly, 
if D is nef over M g } n , then is D weakly positive at any points of M 9 *L? 

Question F. Fix an integer t with < t < 3g — 3 + n — 1. If p\{D) is nef over p A (M|l)forall 
A £ S^M^n), then is D is nef over M"| ] re ? 

In the case t = 3g — 3 + n — 1, the above question is nothing more than asking FNef (M g n ) = 
Nef(M g , n ). 

In order to get the above theorem, we need a certain kind of slope inequalities on the moduli 
space of n-pointed stable curves. The Q-line bundles A and ipi, . . . , ipn on M g ^ n are defined as 
follows: Let tt : M g>n+ i — > M 9>n be the universal curve of M 9>n , and s\, . . . ,s n : M g .n — ¥ M g ,n+i 
the sections of % arising from the n-points of M g n . Then, A = det(7r*(u; A : /9 n+1 /M g „)) and ^ = 
s*(^M Si „ +1 /M fl ,„) for i = 1, . . . , n. Here we set 
[n] = {1,... ,n} (note that [0] = 0), 
T 9 , n = {(z, I) | i £ Z, < i < g and I C [n]} \ {(0, 0), (0, {1}), . . . , (0, {n})}, 
T 9 , n = {{(^, I), (j, J)} I (i, J), (j, J) £ T fl , n , i + j = g, I n J = 0, J U J = [n]}. 
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Moreover, for a finite set S, we denote the number of it by \S\. The boundary M fl , n \ Mg >n has the 
following irreducible decomposition: 

Mg tll \ Mg jH = A irr U ^{(i,I),U,J)}- 

A general point of A irr represents an n-pointed irreducible stable curve with one node. A general 
point of A/(j n (j m represents an n-pointed stable curve consisting of an |/|-pointed smooth curve 
C\ of genus % and a \J\ -pointed smooth curve C2 of genus j meeting transversally at one point, 
where |/|-points on C\ (resp. | J|-points on C 2 ) arise from {s t }tei (resp. {si}i eJ ). Let 5 irr and 
be the classes of A irr and A^j)^^ in Pic(M 5in ) ® Q respectively. For a subset L of 
[n], we define a Q-divisor 9 L on M 9 , n to be 

9 L = 4(g-l + \L\)(g-l)Y,fo-12\L\ 2 \+\L\ 2 6 irr - ^ 4 7L (u)^, 

where 7^ : T 3i „ — > Z is given by 

7, ({(*,/),«, J)}) = (detg. j^j) +|Ln/|) (detg |£ ^j) - |Ln J|) . 
Then, we have the following. 



Theorem G (cf. Theorem [43] ). For any subset L of [n], the divisor 6 L is weakly positive at any 
points of Mg tn . In particular, it is nef over M g<n . 

We remark that R. Hain has already announced the above inequality in the case where n — 1 . (For 
details, see [§].) Theorem |G| is a generalization of his inequality. 

Here we assume that g > 2. First note that 

t* = (80 + 4) A - gd irr - U 3 5 m),(J,J)} 

is nef over M 9tTl . Thus, as a consequence of Theorem y, we can see that 

Q + fI + ^ Q+ L + Q+S ir r + - Nef ^ 9> n) M g , n ), 

LQ[n] ver gin 
so that we may ask the following question: 

Question H. Is Nef (M 9 , n ; M gtn ) the convex hull spanned by Q-divisors /i, 9 L (VX C [n]), S irr and 



Corollary ^2] and Corollary |3] are partial answers for the above question. If the above question is 
true, then it gives an affirmative answer of Question [E] for t — 0. 

Finally, we would like to give hearty thanks to Prof. Hain and Prof. Keel for their useful 
comments for this paper. 

1. Notations, conventions, terminology and preliminaries 

Throughout this paper, we fix an algebraically closed field k, and every algebraic scheme is 
defined over k. 
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1.1. The positivity of Weil divisors. Let X be a normal variety. Let denote Z 1 (X) (resp. Div(X)) 
the group of Weil divisors (resp. Cartier divisors) on X, and ~ the linear equivalence on Z 1 (X). 
We set A 1 (X) = Z l (X) /~ and Pic(X) = Div(X) /~. Note that Pic(X) is canonically isomorphic 
to the Picard group (the group of isomorphism classes of line bundles). Moreover, we denote by 
Ref (X) the set of isomorphism classes of reflexive sheaves of rank 1 on X. For a Weil divisor D, 
the sheaf O x (D) is given by 

O x (D)(U) = {0 £ Rat(X) x | {4>)+D is effective over U} U {0} 

for each Zariski open set U of X. Then, we can see Ox{D) E Ref(X). Conversely, let L be 
a reflexive sheaf of rank 1 on X. For a non-zero rational section s of L, div(s) is defined as 
follows: Let X be the maximal Zariski open set of X over which L is locally free. Note that 
codim(X\X ) > 2. Then, div(s) £ Z 1 (X) is defined by the Zariski closure of div(s| Xo ). By our 
definition, we can see that Ox(div(s)) ~ L. Thus, the correspondence D \—> Ox{D) gives rise to 
an isomorphism A 1 (X) ~ Ref (X). Here we remark that if x £" Supp(div(s)), then L is free at x 
because Ox(div(s)) x = Ox, x for x £" Supp(div(s)). 

An element of Z l (X) ® Q (resp. Div(X) ® Q) is celled a Q-divisor (resp. Q-Cartier divisor). 
For Q-divisors D 1 and D 2 , we say D\ is Q-linearly equivalent to D 2 , denoted by Di ~q D 2 , if 
there is a positive integer n such that nDi, nD 2 E Z 1 (X) and nD 1 ~ n-D2> -Di coincides with 
L> 2 in A l (X) ®Q. 

Fix a subset S of X. For D E Z X [X) ® Q, we say D is semi-ample over S if, for any s E S, 
there is an effective Q-divisor E on X with s £" Supp(-E') and D ~q _E. Moreover, D is said to 
be weakly positive over S if there are Q-divisors Z 1; . . . , Z;, a sequence {-D m }^ =1 of Q-divisors, 
and sequences {ai im }~ =1 , . . . , {ai :in }^ =1 of rational numbers such that 

(1) / does not depend on m, 

(2) D m is semi-ample over S for all m 3> 0, 

(3) £> ~ Q D m + X)i=i a i,mZi for all m > 0, and 

(4) lim a^ m — for alH = 1, . . . , /. 

In the above definition, if D, D m and Z^s are Q-Cartier divisors, then D is said to be weakly 
positive over S in terms of Cartier divisors (for short, C-weakly positive over 5"). Further, if D is 
semi-ample over {x} for some x E X, then we say D is semi-ample at x. Similarly, we define the 
weak positivity of D at x and the C-weak positivity of D at x. We remark that weak positivity in 
[[TTJ] is nothing more than C-weak positivity. Moreover, note that if a Q-divisor D is semi-ample at 
x, then D is a Q-Cartier divisor around x, i.e., there is a Zariski open set U of X such that x E U 
and D\ v is a Q-Cartier divisor on £/. 

A normal variety X is said to be Q-factorial if ^(X) <g> Q = Div(X) <g) Q, i.e., any Weil 
divisors are Q-Cartier divisors. It is well known that if Y — > X is a finite and surjective morphism 
of normal varieties and Y is Q-factorial, then X is also Q-factorial (cf. [|[ Lemma 5.16]). Thus the 
moduli space M g >n of n-pointed stable curves of genus g is Q-factorial because M s , n is an orbifold. 
If X is Q-factorial, then the weak positivity of D over S coincides with the C-weak positivity of 
D over S. 

We assume that X is complete and D is a Q-Cartier divisor. We say D is nef over S if (D-C) > 
for any complete irreducible curves C with S 1 PI C ^ 0. Moreover, for a point x of X, we say D is 
nef at x if D is nef over {x}. Note that 

"Z? is semi-ample at x" =^ "D is C-weakly positive at x" "D is nef at x" 
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Lemma 1.1.1 (char (k) > 0). Let D be a Q-divisor on X, and X\ , . . . ,x n EX. IfD is semi-ample 
at Xifor each i, then there is an effective Q-divisor E on X such that E ~q D and Xi E" Supp(.E) 
for all i. 

Proof. By our assumption, there is an effective Q-divisor Ei on X such that Ei ~q D and 
Xi Supp(-Ej). Take a sufficiently large integer m such that mD, mEi, . . . , mE n E Z 1 (X) and 
mD ~ mEi for all i. Thus, there is a section s; of H°(X, Ox(mD)) with div(sj) = mEi. Here 
since Xi E" Supp (mi?;) and Ox{mD) ~ Ox (mEi), we can see that Ox(mD) is free at each Xi. 

For a = (ai, . . . a n ) E /c n , we set s a = a\Si + ■ ■ ■ + a n s n E H°(X, Ox{mD)). Further, we 
set Vi = {a E k n \ s a (xi) = 0}. Then, dim Vj = n — 1 for all i. Thus, since #(/c) = oo, there is 
a E k n with a ^ V± U • • • U V^., i) 7^ for alH. Let us consider a divisor E = div(s a ). 

Then, E ~ mD and Xj ^ Supp(-B) for alH. □ 

Proposition 1.1.2 (char(fc) > 0). Let ir : X — >• Y be a surjective, proper and generically finite 
morphism of normal varieties. Let D be a Q-divisor on X and S a subset ofY such that tt~ 1 (S) 
is finite. Then, we have the following. 

(1) IfD is semi-ample over 7r~ 1 (S'), then ir*(D) is semi-ample over S. 

(2) IfD is weakly positive over 7r _1 (S'), then 7r*(JD) is weakly positive over S. 



Proof. (1) By Lemma |1.1.1[ , there is an effective divisor E on X such that E ~q D and 



s' & Supp(E) for all s' E n~\S). Then, ir*{E) ~ Q n*(D) and s 7r(Supp(£)) = Supp(7r,( J B)) 
for all s E S. 

(2) This is a consequence of (1). □ 

Proposition 1.1.3 (char(/c) > 0). Let n : X — > Y be a surjective, proper morphism of normal 
varieties. We assume that Y is Q-factorial. Let D be a Q-divisor on Y, and S a subset ofY. Then, 
we have the following. 

(1) If D is semi-ample over S, then n*(D) is semi-ample over /~ 1 (S'). 

(2) IfD is weakly positive over S, then vr*(D) is C-weakly positive over S. 

Proof. (1) Let s' be a point in 7r~ 1 (S'). Then, there is an effective Q-divisor E on Y with 
D ~q E and tt(s') g Supp(E). Thus, n*(D) ~ Q tt*(E) and s' # Supp(7r*(E)). Therefore, 
7r*(D) is semiample over 7r _1 (5'). 

(2) This is a consequence of (1). □ 

Lemma 1.1.4 (char(fc) > 0). Let X and Y be complete varieties, and let D and E be Q-Cartier 
divisors on X and Y respectively. Let p : X x Y and q : X x Y — > Y be the projections to the 
first factor and the second factor respectively. For (x, y) E X x Y, p*(D) + q*(E) is nefat (x, y) 
if and only if D and E are nefat x and y respectively. 

Proof. First we assume that p*(D) + q*(E) is nef at (x, y). Let C be a complete irreducible 
curve on X with x E C. Then, C y = C x {y} is a complete curve onlxF with (x, y) E C y . 
Moreover, (p*(D) + q*(E) ■ C y ) = (D ■ C). Thus, (D ■ C) > 0, which says us that D is nefat x. 
In the same way, we can see that E is nef at y. 

Next we assume that D and E are nef at x and y respectively. In order to see that p*(D) + q*(E) 
is nef at (x, y), it is sufficient to check that (p*(D) ■ C) > and (q*(E) ■ C) > for any complete 
irreducible curves C on X x Y with (x, y) E C. Here, p(C) is either {x}, or a complete irreducible 
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curve passing through x. Thus, by virtue of the projection formula, (p*(D) ■ C) > 0. In the same 
way, (q*(E) ■ C) > 0. □ 



1.2. The first Chern class of coherent sheaves. Let X be a normal variety, and F a coherent 
Ox-module on X. Here we define ci(F) E A 1 (X) in the following way. 
Case 1 . F is a torsion sheaf. In this case, we set 

D= Yl lenght (Fp){P}, 

Pex, 

depth (P)=l 

where {P} is the Zariski closure of {P} in X. Then, C\(F) is defined by the class of D. 

Case 2. F is a torsion free sheaf. Let r be the rank of F. Then, (/\ r F) vv is a reflexive sheaf 
of rank 1, where vv means the double dual of sheaves. Thus, we define ci(F) to be the class of 

(A r in- 
case 3. F is general. Let T be the torsion part of F. Then, c x (F) = c x {T) + c l {F/T). 

Note that if — > Fi — > F 2 — > F 3 — > is an exact sequence of coherent Ox -modules, then 
C\{F2) = Ci(Fi) + Ci(F 3 ). Moreover, let L be a reflexive sheaf of rank 1 on X, and s a non-zero 
section of L. Then 

ci(L) = c\ ( Coker(Oj5s: L) J = the class of div(s). 



Proposition 1.2.1 (char(A;) > 0). Let X be a normal algebraic variety, F a coherent O x-module, 
and x a point of X. If F is generated by global sections at x and F is free at x, then c\(F) is 
semi-ample at x. 

Proof. Let T be the torsion part of F. Then, C\(F) = c\(F/T) + cx(T). Here since F is free 
at x, ci(T) is semi-ample at x. Moreover, it is easy to see that F/T is generated by global sections 
at x. Therefore, to prove our proposition, we may assume that F is a torsion free sheaf. 

Let r be the rank of F and k(x) the residue field of x. Then, by our assumption, there are 
sections si, . . . , s r of F such that {si(x)} forms a basis of F <E> k{x). Since we can view Sj as an 
injection Si : Ox —* F, s = si A ■ ■ ■ A s r gives rise to an injection s : Ox — > (A' -^) W > which is 
bijective at x. Thus, x $ div(s). □ 



1.3. The discriminant divisor of vector bundles. Let / : X — > Y be a proper surjective mor- 
phism of algebraic varieties of the relative dimension one, and let E be a locally free sheaf on X. 
We define the discriminant divisor of E with respect to f to be 

dis x/ y(£) = /* (2rk(£)c 2 (£) - (rk(E) - l)d(£) 2 ) . 

Lemma 1.3.1 (char(A;) > 0). Let f : X — > Y be a flat, surjective and projective morphism of 
varieties with dim / = 1. Let E be a vector bundle of rank r on X. Then, we have the following. 

(1) (Hsx/y(E) is a Cartier divisor. 
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(2) Let u :Y' Y be a morphism of varieties, and let 

X ^— X x Y Y' 
f f 
Y ( " Y' 

be the induced diagram of the fiber product. If X x Y Y' is integral, then disxx Y Y'/Y'(u'*(E)) = 
u*(dis x/Y (E)). 

Proof. (1) We set F = Snd(E). Let p : P = P(P) -> X be the projective bundle of F, and 

v f 

Op(l) the tautological line bundle on P. Let g : P — > Y be the composition of P — ► X — > Y. 
Then, since 

pM(O p (1)Y 2+1 ) = -c 2 (P) = -(2rc 2 (P) - (r - l) Cl (P) 2 ), 

we have g*( Cl (0 P (l)y 2+1 ) = -dis x/y (P). Thus, dis x/y (P) = - Cl ((0 P (l) r2+1 )(P/F) 
where 

dim 3+1 
^ 



(,-••, )(P/y) : Pic(P) x • • • x Pic(P) -> Pic(y) 

is Deligne's pairing for the flat morphism g : P — > F. Therefore, dis^/y (P) is a Carrier divisor. 
(2) This follows from the compatibility of Deligne's pairing by base changes. □ 

Remark 1.3.2. In (2) of Lemma |1.3.1| , X x Y Y' is integral if the generic fiber of X x Y Y' ^ Y' 
is integral by virtue of |0, Lemma 4.2]. 



1.4. The moduli space of T-pointed stable curves of genus g. Let g be a non-negative integer 
and T a finite set with 2^-2+ |T| > 0, where \T\ is the number of T. Recall that [n] = {1, ... , n) 
and [0] = 0. Usually, we use [n] as T. Let M g ,r (resp. M g denote the moduli space of T-pointed 
stable curves (resp. T-pointed smooth curves) of genus g, namely, M 9i t (resp. M g T ) is the moduli 
space of |T|-pointed stable curves (resp. |T|-pointed smooth curves) of genus g, whose marked 
points are labeled by the index set T. 

Roughly speaking, the Q-line bundles A and {i/JtjteT on M 9i t are defined as follows: Let n : 
C — > M g> T be the universal curve of M 9 ,t, and s t : M 9 ,r — >• C (t G T) the sections of 7r arising 
from the T-points of M s ,t- Then, A = det(7r*(u; c / A -/ g T )) and ip t = s* t (uj c i^, Ig T ) for t G T. 

For x G M 9i t, let denote C x the nodal curve corresponding to x (here we forget the T-points). 
Let S l (Mg jT ) be the set of all irreducible components of the closed set 

{x G M 9iT | #(Sing(Cy) > /}. 

Then, every element of S l (M gyT ) is of codimension I, so that it is called an l-codimensional stratum 
of M 9: t- Note that M 9i r \ M 9i t is a normal crossing divisor in the sense of orbifolds. Thus the 
normalization of an element of S l (M g T ) is Q-factorial. Moreover, we set 

Kt = M 9 ,t \ |J A, 

A6Si+i(M 9iT ) 

i.e., M [ g % = {x G M 9iT I #(Sing(C x )) < 0- Note that M 1 ^ = M 9jT . 
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To describe the boundary of M 9> t, we set 

T 9iT = {(i, J) I i E Z, < i < g and / C T} \ ({(0, 0)} U {(0, {t})}* eT ) , 
T 9 , T = {{(i, I), (j, J)} | (i, J), (j, J) G T S , T , i + j = g, I H J = ®, I U J = T}. 

Then, the boundary A = M 9) t \ A^,t has the following irreducible decomposition: 

A = A irr U A{faD,(j,j)}- 

A general point of A irr represents a T-pointed irreducible stable curve with one node. A general 
point of A{(j n (j m represents a T-pointed stable curve consisting of an /-pointed smooth curve 
of genus i and a J-pointed smooth curve of genus j meeting transversally at one point. 



/ \ J y 

/ ^ j\ 

Airr a 

Let 8 irr and &{(i,r),{j,j)} be the classes of A irr and A^ij^^j)^ in Pic(M 9iT ) <g> Q respectively. 
Strictly speaking, 5 irr = c\{0^ T (A irr )) and 

fi Cl (Om SiT (A*)) if v = {(1,0), (<? - 1,T)}, 

[ci (Om BiT (A„)) otherwise. 
In the case where T = 0, we denote £{(i,0),(j,0)} by fr^} or 5 m i n {i,j}, i.e., 

<$i = = <%,0),(g-i,0)} (« = !,•••, [5/2]) 

on M fl . 

Let (Z; {-Pilter) be a T-pointed stable curve of genus g over k. Let Q be a node of Z, and 
the partial normalization of Z at Q. Then, the type of Q is defined as follows: 

• The case where Zq is connected. Then, Q is of type 0. 

• The case where Zq is not connected. Let Z\ and Z 2 be two connected components of Zq. 
Let i (resp. j) be the arithmetic genus of Z 1 (resp. Z 2 ). Let / = {t E T \ P t E Z{\ and 
J = {t ET I P t E Z 2 }. Then, we say Q is of type {(i, I), (j, J)}. 

In the case where T = 0, for simplicity, a node of type {(z, 0), (j, 0)} is said to be of type i, where 

i < j- 

Let Y be a normal variety, and let / : X — > F be a T-pointed stable curve of genus # over 
Y". Let y be the maximal open set over which / is smooth. Assume that Y ^ 0. For x E X, 
we define mvlt x (X) to be length 0x x (u>x/y/^x/y)- If % is the generic point of a subvariety T, 
then we denote mult^X) by multr(-X'). If x is closed, Y is smooth at f(x) and Y \ Y is smooth 
at f(x), then X is locally given by {xy = t mnltx( - x ^} around x, where t is a defining equation of 
Y \ Yq around f(x). Thus, if Y is a curve, then the type of singularity at x is A mu \ tx ( X )-i- 
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Here, for v E let S(X/Y) V (resp. S(X/Y) irr ) be the set of irreducible components of 

Sing(/) such that the type of s in / _1 (/(s)) for a general s E S(X/Y) V (resp. S(X/Y) irr ) is v 
(resp. 0). We set 

6 V (X/Y) = J2 ™*t s (X)f,(S) 

S£S(X/Y)v 

and 

8 irr (X/Y) = ™\t s (X)f*(S). 

seS(x/Y) irr 

Then, 5i„ and 5 V are normalized to guarantee the following formula: 

8 irr (X/Y) = ip*(5 irr ) and 5 V (X/Y) = <p*(5 v ) 
in A 1 (Y) ® Q, where <£> : Y — > M 9i t is the induced morphism by X — »■ F. 

1.5. The clutching maps. Here let us consider the clutching maps and their properties. 

Let 7i : X — > F be a prestable curve, i.e., 7r : X — > F is a flat and proper morphism such that the 
geometric fibers of tt are reduced curves with at most ordinary double points. We don't assume the 
connectedness of fibers. Let si, s 2 : Y — > X be two non-crossing sections such that ir is smooth 
at points si(y) and s 2 (y) QJy E F). Then, by virtue of |Q, Theorem 3.4], we have the clutching 
diagram: 

v 

X -X' 

Y 

Roughly speaking, X' is a prestable curve over F obtained by identifying Si(F) with s 2 (F), and 
s is a section of X' — > Y with p ■ s\ = p ■ s 2 = s. For details, see [§, Theorem 3.4]. 

We assume that n' : X' — > F is a T-pointed stable curve of genus g, and s is one of sections of 
7r' : X' — > F arising from T-points of 7r' : X' — > F. Let : F — » M 9 ,t be the induced morphism. 
Here we set A = det(Rir*(uJx/Y)), A = det(i?7r ! „(u;x/y/fix/y)) and $ = s*(co>x/y) ® ^(wx/y). 
Then, we have the following. 

Proposition 1.5.1. For simplicity, the divisor 5i rr on M 9i t is denoted by Sq. 

(1) y?*(A) = A and cp*(6) = + A, where 5 = 5 + X^gt 9 t 

(2) We assume that 7r(Sing(7r)) 7^ F and every geometric fiber of it has one node at most. Let 



A = A + A * 



t>6T 



Z>e ?/ze decomposition such that the node ofir 1 (x) (x E (A t ) re d) gives rise to a node of type 
t in tt'~ (x). Moreover, let a be the type of s(y) in 7r /_1 (?/) (y E F). Then, 



* + A a ift = a 
A t ift ^ a 
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Proof. (1) Since det(R7r' *(cox' /y)) = det(i^7r*(a;x/y)), the first statement is obvious. Thus, 
we can see that 

ip*(5) = det(Rn' ^(ux'/y/^x'/y)) 

= det(i?7r' \(ujx' /y)) — det(R7r' *(Qx f /y)) 
= A-det(i27r',(fix7y))- 

On the other hand, by [§, Theorem 3.5], there is an exact sequence 

-> s*(tf) n x7 y -> -> 0. 

Therefore, we get (1). 

(2) This is a consequence of (1). □ 

As a corollary, we have the following. 

Corollary 1.5.2. (1) Let a and b be non-negative integers, and T and S non-empty finite sets 
with T fl S = 0, 2a — 2 + |T| > and 26 — 2+15*1 > 0. Let us fix s G S and t G T, and set 
T' = T\{t} and S' = S\{s}. Let a : M a ^ T x M bB — > M a+b ^ uS ' be the clutching map, and 
p : M a> T x M b ^ s — > M a)T and q : M a>T x M bjS — > M bjS the projection to the first factor and 
the projection to the second factor respectively. We set divisors D G Pic(M a+bt T>us') ® Q> 
E G Pic(M a , T ) ®QandF G Pic(M b)S ) ® Q as follows: 



D = C\+ dllpl + ei rr 5i rT + ^ e{( ii /) i (j ) J)}<${(i,/),(j, J)} , 

ZeT ' u5 ' {(i^).(i.J)}eT a+6iT , us/ 



E = cX- e^T^S'^lpt + ^ ^ + e irr8irr 

+ 5^ e { ( i / i/ /) i ( j / +fei j/ U 5/\ {t})} 5 {(i / i/ /) >(j / i j/) } , 



{(i',-r').0'.J')}eY o>T 

tGJ' 



+ e {(i"J"),{j"+a,J"UT'\{s})}8{(i",I"),(j"J")}- 



L b,S 
se.J" 



Then a*(D) = p*{E) + q*(F). 
(2) Let g be a non-negative integer and T a finite set with \T\ > 2 and 2g — 2 + \T\ > 0. Let us 
fix two elements t, t! G T, and set T' = T\ {t, t'}. Let [3 : M g ,r A^+i,t' be the clutching 
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map. We set D G Pic(M 9+ i jT /) ® Q and £ G Pic(M 9iT ) <8> Q as follows: 

D = cA + + e irr Si rr + ^ e {(i,fl,(i,i)}^{(t,fl,OV)}! 

' eT ' {(i^),0',J)}6T s+1>T , 

£ = CA - e irr (^j + VV) + ^ ^ + e irr^rr + ^ e irT (5{( i / j //) ) ( J -/ i j/)} 

ieT' {(«',/'), (/,J')(er 9iT 

tei',t'ej' 

+ e {(i',/'),(i'+i^'\{^'})} 5 {(*'^'),(i'^')}- 

{(»',!'), (j',J')>eT g>T 
t,t r eJ' 

Then (3*{D) = E, 

Proof. In the following, for x 6 M*,*, we denote by C x the corresponding nodal curve to x. 

(1) If C a t X) y\ has two nodes, then we denote by ty(x, y) the type of the node different from the 
node arising from the clutching map. Then, 

ty(x,y) = 

'{(i', I'), (f + b,J'US'\ {t})} if x G A {(i /, nov , )} n M^, y G M fej5 and t G J', 
{(i", I"), (f + a, J" U V \ {s})} if x G M a> T, y G A {(i „, n and s G J "- 

Thus, we get (1) by the above proposition. 

(2) In the same way as above, if Cp( x ) has two nodes, then we denote by ty'(x) the type of the 
node different from the node arising from the clutching map. Then, 

if x G (A irr U \Jtei',veJ> A{(i',J'),(iV')}) n 

/'), (f + 1,J'\ {t, If})} if x G A {(iVOi( j V , )} n and t, t' G J', 
which implies (2) by the above proposition. □ 

2. A GENERALIZATION OF RELATIVE BOGOMOLOV'S INEQUALITY 

Let / : X — > Y be a projective morphism of quasi-projective varieties of the relative dimension 
one, and let E be a locally free sheaf on X. Let us fix a point y G Y. Assume that / is smooth 
over y and E\^,s is strongly semistable. In the paper [|TTj], we proved that disx/y(-E) is weakly 
positive at y under the assumption that Y is smooth. In this section, we generalize it to the case 
where Y is normal. 

Proposition 2.1 (char(fc) > 0). Let X and Y be algebraic varieties, and f : X — > Y a surjective 
and projective morphism of dim / = d. Let L and A be line bundles on X. IfY is normal, then 
there are Q-divisors Z , . . . , onY such that 



ty'(x) 



Cl {RUL^ S A)) ~ Q M ^] C M V + 1 + £ Z7,rr 

i=0 



/or all n > 0. 
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Proof. We set Y° = Y \ Sing(F), X° = f~ l {Y Q ) and f° = f\ x0 . Then, we have 



Cl (Rf°((L® n ® A)\ x0 )) = Cl (RUL® n ® A)) | 



|y0 • 



_ f R i /r®n A\\\ ■ / * v 1V ; ^y° ^d+l i 7 0^» 



and 

/r(ci(^i X o) d+1 ) = /*(ciw d+i )i 

Thus, by virtue of [ ITT] , Lemma 2.3], there are Q-divisors Zq, ... , Z° on F° such that 

(d+l)\ 

v 1 i=0 

for all n > 0. Let Zj be the Zariski closure of Z t ° in Y. Then, since codim(Sing(Y~)) > 2, 
ci(iV.(L°» S A)) ~ Q + E ^ 

V /" i=o 

for all n > 0. □ 

Theorem 2.2 (char(fc) > 0). Le? X be a quasi-projective variety, Y a normal quasi-projective 
variety, and f : X — > Y - a surjective and projective morphism of dim f — 1. Let F be a locally 
free sheaf on X with f*(c\(F)) = 0, an J 5 a finite subset ofY. We assume that f is flat over any 
points of S, and that, for all s E S, there are line bundles L s and M s on the geometric fiber X s 
over s such that 

H°(X S , Sym m (F s ) ® L s ) = H l {X- s , Sym m (F 5 ) <g> M 5 ) = 
for m 3> 0. TTien, /* (c2(-F) — ci(F) 2 ) is weakly positive over S. 

Proof. The proof of this theorem is exactly same as JTT| , Theorem 2.4] using Proposition pTj 
Proposition |1.2.1| and [ pj , Proposition 2.2]. For reader's convenience, we give the sketch of the 
proof of it. 

Let A be a very ample line bundle on X such that A s <g> and A s <g> M® _1 are very ample on 
X s for all s E S. Then, we can see the following claim in the same way as in flTll Claim 2.4.1] 

Claim 2.2.1. Sym m (F s ) <g> Af" 1 ) = tf 1 ^, Sym m (F s ) <g> A s ) = for all s E S and 

m > 0. 

Since X is an integral scheme of dimension greater than or equal to 2, and X s (s E S) is a 
1-dimensional scheme over /c(s), there is B E \A® 2 \ such that B is integral, and that B D X s is 
finite for all s E S, i.e., £> is finite over any points of S. Let ix : £> — > Y be the morphism induced 
by /. Let if be an ample line bundle on Y such that tt*(F b ) ® H and 71"* (Ag) eg) H are generated 
by global sections at any points of S, where F B — F\ B and A B = A\ B . 

By using Proposition EO] , there are Q-divisors Z , . . . , Z r on F such that 

E("l) J Ci (Sym m (F ® /*(#)) ® A " 1 ® /*(#))) 

. ? -l—/,(c ! ,(F) - Cl (F) 2 )m^ + E Z, 

^ >' i=0 



j>0 



m 
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in the same way as in the proof of [ |TT| , Theorem 2.4]. The following claim also can be proved in 
the same way as in [ JTTJ , Claim 2.4.2]. 

Claim 2.2.2. Ifm^>0, then we have the following. 

(a) ci (R { f* (Sym m (F <g> f*(H)) <g> A 0-1 <g> f*(H))) = for alii > 2. 

(b) /» (Sym m (F ® /*(#)) ® A®" 1 ® /*(#)) = 0. 

(c) H 1 /. (Sym m (F ® /*(#)) ® A®" 1 ® /*(#)) w/ree a? any po/nfc o/5. 

(d) i? 1 /, (Sym m (F <g) f (H)) ® A ® f*(H)) = around any points ofS. 

By (a) and (b) of Claim ggg 

/*(c 2 (F) - cx(F) 2 ) Cl (i? 1 /, (Sym m (F ® /*(#)) ® A®" 1 ® /*(#))) 



E 



(r + l)! v m^ 1 ~^ mr+1 ^ 

Hence, it is sufficient to show that 

Cl (#7* (Sym m (F ® f(H)) ® A^" 1 ® /*(#))) 

is semi-ample over 5*. This can be proved in the same way as in the proof of [ [TT] , Theorem 2.4] by 
using [JTTJ, Proposition 2.2], Claim [2.2.2| and Proposition |1 .2. 1| . □ 



Let C be a smooth projective curve and _E a vector bundle on C . We say E is strongly semistable 
if, for any finite morphisms <p ■ C —> C of smooth projective curves, 4>*(E) is semistable. Note 
that if char(fc) = and E is semistable, then E is strongly semistable. As a corollary, we have the 
following, which can be proved in the exactly same way as [[TT], Corollary 2.5]. 

Corollary 2.3 (char(/c) > 0). Let X be a quasi-projective variety, Y a normal quasi-projective 
variety, and f : X —> Y a surjective and projective morphism of dim / = 1. Let E be a locally 
free sheaf on X and S a finite subset ofY. If, for all s G S, f is flat over s, the geometric fiber X s 
over s is reduced and Gorenstein, and E is strongly semistable on each connected component of 
the normalization of X s , then (Hsx/y(E) is weakly positive over S. 

Remark 2.4 (char(fc) = 0). In [[TTJ], we proved that the divisor 

[9/2] 

(8$ + 4)A - gS irr - 4i (9 ~ i)h 

i=l 

on M g is weakly positive over any finite subsets of M g . Here we give an alternative proof of this 
inequality. 

p 

Fix a polynomial P g {m) = (6m — l)(g — 1). Let H g C Hilb p f 9 _ 6 be a subscheme of all tri- 
canonically embedded stable curves, Z g C H g x P 5 f~ 6 the universal tri-canonically embedded 
stable curves, and f g : Z g —> H g the natural projection. Then, G = PGL(5g — 5) acts on Z g 
and H g , and f g is a G-morphism. Let <\> : H g — > M g be the natural morphism of the geometric 
quotient. Then, by Seshadri's theorem [ |T5| , Theorem 6.1], there is a finite morphism h : Y — > M g 
of normal varieties with the following properties. Let W g be the normalization of H g x f Ig Y, and let 
7r : W g — > H g and 0' : W g — »• Y be the induced morphisms by the projections of H g x f Ig Y ^ H g 
and H g *-m Y — > F respectively. Then, we have the following. 

(1) G acts on W s , and ir is a G-morphism. 

(2) 0' : W s — > Y is a principal G-bundle. 
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Thus, f : U g — Z g x Hg W g — > W g is a stable curve, G acts on U g and f' g is a C7-morphism. Since 
4>' : W g — > Y is a principal G-bundle, we can easily see that U g is also a principal G-bundle and 
the geometric quotient X = U g /G gives rise to a stable curve / : X — > Y over Y. Moreover, 
U g — W g Xy X. Then, we have the following commutative diagram: 




H 9 +~ — Wg 



X 

/, 

M g — h Y 

Let A be the minimal closed subset of H g such that f g is not smooth over a point of A. Then, 
by [§, Theorem (1.6) and Corollary (1.9)], Z g and H g are quasi-projective and smooth, and A 
is a divisor with only normal crossings. Let A = A irr U Aj U • • ■ U ^[9/2] be the irreducible 
decomposition of A such that, if x G Aj \ Sing(A) (resp. x E A irr \ Sing(A)), then J" 1 (a;) is a 
stable curve with one node of type i (resp. irreducible stable curve with one node). 

Form now on, we consider everything over m] 1 ^ . (Recall that M g 1 ^ is the set of stable curves 
with one node at most.) In the following, the superscript "0" means the objects over Mg . 

In §3], we constructed a locally sheaf F on Z° g with the following properties. 

(a) F is invariant by the action of G. 

(b) For each y e H g \ (A 1 U ■ ■ ■ U A [g/2] ), F\ f - 1(y) = Ker ® O f -i (y) - u f -i (y) ), 
which is semistable on 

(c) dis z0g/HOg (F) = (8g + 4) det(7r*Ko /H o)) - gA? irr - 4t(g - i)A?. 

Then, n'*(F) is a C7-invariant locally free sheaf on U g , so that ir'*(F) can be descended to X° 
because U g — > X is a principal G-bundle. Namely, there is a locally free sheaf F' on X° such that 
= tt'*(F). Therefore, by Lemma |OT], / *(dis x o /y o(F')) = 7r*(dis z o /H o(F)). On the 
other hand, if we set 

[f] 

D = (8g + 4)A - ^5 irr - ^ 4i{g - i)6 it 

i=l 

then 4>*(D°) = dis z o /H o(F). Therefore, we get ft*(h*(D )) = / *(dis x o /y o(F')), which im- 
plies that h*(D°) = dis x o /y o(F') because Pic(W g ) G = Pic(F). Moreover, by Corollary 
disxo/yo(F') is weakly positive over any finite subsets of h~ l (M g ). Thus, /^(dis^o /yo(F')) = 
deg(h)D° is weakly positive over any finite subsets of M 9 by (2) of Proposition |1 . 1 J\ . Hence, D 
is weakly positive over any finite subsets of of M g because codim(M 9 \ M] 1 ') > 2. 

3. A CERTAIN KIND OF HYPERELLIPTIC FIBRATIONS 

We say / : X — > Y is a hyperelliptic fibered surface of genus g if X is a smooth projective sur- 
face, Y is a smooth projective curve, the generic fiber of / is a smooth hyperelliptic curve of genus 
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g, and there is no (— l)-curve along each fiber of /. Since / is minimal, the hyperelliptic involution 
of the generic fiber extends to an automorphism of X over Y. We denote this automorphism by j. 
Clearly, the order of j is 2, namely, j ^ id x and j 2 = idx- 

The purpose of this section is to show the existence of a special kind of hyperelliptic fibered 
surfaces as described in the following propositions. 

Proposition 3.1 (char (A;) = 0). For fixed integers g and i with g > 2 and < i < g — 1, there is 
a hyperelliptic fibered surface f : X —> Y of genus g, and a section T of f such that 

(1) Sing(/)^0,j(r) = r, 

(2) every singular fiber of f is a stable curve consisting a smooth projective curve of genus i and 
a smooth projective curve of genus g — i meeting transversally at one point, and that 

(3) T intersects with the component of genus g — i on every singular fiber. 

Proposition 3.2 (char(fc) = 0). For fixed integers g and i with g > 2 and < i < g, there is a 
hyperelliptic fibered surface f : X —>Y of genus g, and a section T of f such that 

(1) Sin g (/)^0,j(r)nr = 0, 

(2) every singular fiber of f is a stable curve consisting a smooth projective curve of genus i and 
a smooth projective curve of genus g — i meeting transversally at one point, and that 

(3) T intersects with the component of genus g — i on every singular fiber. 

Proposition 3.3 (char (A;) = 0). For fixed integers g and i with g > 2 and < i < g — 1, there is 
a hyperelliptic fibered surface f : X —> Y of genus g, and a section T of f such that 

(1) sing(/) + 0, i(r) = r, 

(2) every singular fiber of j is a semi-stable curve consisting a smooth projective curve of genus 
i and a smooth projective curve of genus g — i — 1 meeting transversally at two points, and 
that 

(3) T intersects with the component of genus g — i — 1 on every singular fiber. 

Proposition 3.4 (char(fc) = 0). For fixed integers g and i with g > 2 and < % < g — 1, there is 
a hyperelliptic fibered surface f : X —> Y of genus g, and a section T of f such that 

(1) Sin g (/)^0,j(r)nr = 0, 

(2) every singular fiber of f is a semi-stable curve consisting a smooth projective curve of genus 
i and a smooth projective curve of genus g — i — 1 meeting transversally at two points, and 
that 

(3) T intersects with the component of genus g — i — 1 on every singular fiber. 

Proposition 3.5 (char(fc) = 0). For fixed integers g and i with g > 2 and 1 < % < g — 1, there is 
a hyperelliptic fibered surface f : X — > Y of genus g, and non-crossing sections r\ and T 2 of f 
such that 

(1) Sing(/)^0,j(ri) = r 1 ,j(r 2 ) = r 2 , 

(2) every singular fiber of f is a stable curve consisting a smooth projective curve of genus i and 
a smooth projective curve of genus g — i meeting transversally at one point, 

(3) r\ and T 2 gives rise to a 2-pointed stable curve (f : X — > Y, Fx, T 2 ), and that 

(4) the type of x in f~ l (f(x)) as 2-pointed stable curve is {(i, {1}), (g — i, {2})} for all x G 
Sing(J). 
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Let us begin with the following lemma. 



Lemma 3.6 (char (A;) = 0). For non-negative integers a\ and a%, there are a morphism fx : X\ — > 
Y\ of smooth projective varieties, an effective divisor D\ on X\, a line bundle L\ on X\, a line 
bundle Mi on Yx, and non-crossing sections Tx and T 2 of fx : X\ — > Y\ with the following 
properties. 

(1) dirnXi = 2 and dimYi = 1. 

(2) Let Ei be the set of all critical values of fx, i.e., P G Ei if and only if fx (P) is a singular 
variety. Then, for any P G Yi \ Ei, f 1 ~ 1 (P) is a smooth rational curve. 

(3) Ei ^ 0, and for any P G Ei, / 1 _1 (P) is a reduced curve consisting of two smooth rational 
curves Ep and Ep joined at one point transver sally. 

(4) Dx is smooth and fx\ D : Dx — > Yi is etale. 

(5) (Ep ■ Dx) — ax + 1 and (E p ■ Dx) = a 2 + lfor any P G Ei. Moreover, D x does not pass 
through Ep n Ep. 

(6) There is a map o : Ei 



{1,2} such that 



Dx G 



®n{Mx)®o, 



-Vi 



PeSi 



f<r(P) 



+ 1)^ 



(7) deg(Mi) is divisible by (ax + l)(a 2 + 1). 
(8) 



Ti G 



Moreover, 



Lx 



Ox, 



E ^ 



PeEi 

a(P) = l 



and T 2 G 



/ 



E E 

PG£i 
a(P)=2 



(£>i ■ Ti) = (Pi ■ T 2 ) = and (E P ■ Tj 



if i^j, 

1 (fi = j- 



Proof. We can prove this lemma in the exactly same way as in QTTL Lemma A.l] with a slight 
effort. We use the notation in JTT| , Lemma A. 1]. Let Fx and P 2 be curves in F^ x Y ^ x F^ s T ^ defined 

by {X = 0} and {X = Y} respectively. Note that F x = P~\(0 : 1)), P 2 = : 1)), 

D" = p- l ((l : 0)), (D 1 ■ Fx) = (D' • P 2 ) = 1, D' n Fx = {Qi} and P' n P 2 = {Q 2 }. Then, 
since Ui(Pi) =p 1 " 1 ((0: 1)) and ^(P 2 ) =Pr 1 (( 1 : !))> in I0> Claim A. 1.3], we can see that each 
tangent of «i(P) at Q itj (i = 1, 2) is different from u*(Pi). 
Let Ti be the strict transform of it*(Pj) by /ii : Zi 



P (x,y) x F - Then > 



r.G 



a*;(p;(Opi(i)))®o 



E E * .j 



Thus, if we set l\ = (vx)*(Ti), then we get our lemma. 

In the following proofs, we use the notation in [JTT], Proposition A.2 and Proposition A. 3]. 
The proof of Proposition We apply Lemma ^ to the case where ax = 2i and a 2 



□ 



2g — 2i — 1. We replace P 2 by P 2 + T 2 and a 2 by a 2 + 1. Then, (4), (5) and (6) hold for the new 
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D 2 and a 2 . Thus, we can construct / : X — »■ F in exactly same way as in [ |TT| , Proposition A. 2]. 
Since tt 2 (r 2 ) is the ramification locus of /x 3 , T = /i*(M2(r2)) re d is a section of / 3 . Thus, if we set 
T = ^3 (r), then we have our desired example. 

The proof of Proposition |3.2|: Applying Lemma |3~6| to the case where a\ = 2% and a 2 = 2g — 2i, 
we can construct / : X — > F in exactly same way as in [ JTT] , Proposition A. 2]. Here let us consider 
u*(T 2 ). Then, u*(r 2 ) is a section of f 2 such that u*(T 2 ) n (D 2 + JB) = 0, (u£(r 2 ) • £q) = and 

(n*(r 2 ) ■ E 2 Q ) = 1 for all Q e E 2 . Here we set T = z/ 3 (^(«*(r 2 ))). Then, since ^(u£(r 2 )) 
does not intersect with the ramification locus of /x 3 , T' is etale over Y. Moreover, we can see 
(T' • Cq) =0 and (V ■ Cq) = 2 for all Q e E 2 . If T is not irreducible, then we choose T as one 
of irreducible component of I"". If V is irreducible, then we consider X x Y T — > T and the natural 
section of X x Y T — > T. Then we get our desired example. 



The proof of Proposition ^3]: We apply Lemma |33] to the case where ai — 2i + 1 and a 2 



2g - 2% - 2. We replace D 2 by D 2 + T 2 and a 2 by a 2 + 1. Then, (4), (5) and (6) hold for the 
new D 2 and a 2 . Note that deg(Mi) is even. Thus, we can get a double covering fi : X — > Xi 
in exactly same way as in [[IT], Proposition A.3]. Let / : X — > F x be the induced morphism, and 
T = ix* {V 2) red- Then, we have our desired example. 

The proof of Proposition Applying Lemma|J^| to the case where = 2i+l anda 2 = 2g— 
2% — 1, we can get a double covering [i : X — > X\ in exactly same way as in [JTTJ, Proposition A.3]. 
Let / : X — >• Y\ be the induced morphism and V = fi*(T 2 ). Then, V is etale over Y\. If V is not 
irreducible, then we choose Y as one of irreducible component of V. If V is irreducible, then we 
consider X x Yl T — > T and the natural section of X Xy x T — > F. Then we get our desired example. 

The proof of Proposition ^5| : We apply Lemma ^]6| to the case where a\ = 2% — 1 and 
a 2 = 2g — 2i — 1. We replace L>i by + r l5 D 2 by D 2 + F 2 , ax by ai + 1, and a 2 by a 2 + 1. 
Then, (4), (5) and (6) hold for the new Di, D 2 , a\ and a 2 . Thus, we can construct / : X — > F in 
exactly same way as in [JTT], Proposition A. 2]. Since w 2 (Fi) and u^iT^ are the ramification locus 

of /x 3 , r\ = ^(^(ri))^ and T 2 = h*(u2(T 2 )) red are sections of f 3 . Thus, if we set r x = u^T^ 
and T 2 = 1^3 (r 2 ), then we have our desired example. 



Finally, let us consider the following two lemmas, which will be used in the later section. 

Lemma 3.7 (char (A;) > 0). Let X be a smooth projective surface and Y a smooth projective 
curve. Let f : X —* Y be a surjective morphism with connected fibers, and let L be a line 
bundle on X. If L\ x gives rise to a torsion element o/Pic(X r? ) on the generic fiber X v of f and 
deg(L| F ) = Ofor every irreducible component F of fibers, then we have (L 2 ) = 0. 

Proof. Replacing L by L® 11 (n 7^ 0), we may assume that L\ x ~ Ox, r Thus, f*(L) is a 
line bundle on F, and the natural homomorphism f*f*(L) — > L is injective. Hence, there is an 
effective divisor E on X such that f*f*(L) ® Ox(E) ~ L. Since f*f*(L) — > L is surjective on 
the generic fiber, E is a vertical divisor. Moreover, (E ■ F) — for every irreducible component 
F of fibers. Therefore, by Zariski's lemma, (E 2 ) = 0. Hence, (L 2 ) = (E 2 ) =0. □ 

Lemma 3.8 (char (A;) > 0). Let C be a smooth projective curve of genus g > 2. Let d be a line 
bundle on C with d® 2 = uc- Let A be the diagonal of C x C, and p : C x C —>■ C and 
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q : C xC —> C the projection to the first factor and the projection to the second factor respectively. 
Then, p*($® n ) ® q*($® n ) <g> C xc{{n - 1)A) is generated by global sections for all n > 3. 

Proof. Since p*(d® n ) ® g*($® n ) is generated by global sections, the base locus of p*(§® n ) <g> 
qr* (g) Oc x c(( n — 1)A) is contained in A. Moreover, 

p*(^ n ) <g> ® Cx c((™ - 1)A)| A ~ wc . 

Thus, it is sufficient to see that 

#V(0®*) (8) ® e> CxC ((rc - 1)A)) - H°{p*{ti® n ) g> g> C xc((ra - 1)A)| A ) 

is surjective. 

We define L n>i to be 

Then, it suffices to check _fr 1 (L n ri _ 2 ) = for the above assertion. By induction on i, we will see 
that H l (L n ,i) = for < % < n - 2. 

First of all, note that H 1 ^® 71 ) = for n > 3. Thus, 

ifi(p*(^«) = H^p^p*^ 1 ) ® = H 1 ^® 71 ) ® H\d® n ) = 0. 

Moreover, let us consider the exact sequence 

► L nj i_i > L n j > L nj j| A >■ 0. 

Here since £ n ,i| A ~ a;® n ~\ if 1 (L n j| A ) = if i < n — 2. Thus, by the hypothesis of induction, 
we can see if 1 (L n)i ) = 0. □ 

4. Slope inequalities on M 9iT 
Let g be a non-negative integer and T a finite set with 2g — 2 + |T| > 0. Recall that 

T 9iT = {(i, J) | i e Z, < i < g and / C T} \ ({(0, 0)} U {(0, {t})} teT ) , 
T 9 , T = {{(z, J), (j, J)} | (i, /), (j, J) e T S , T , i + j = g, I n J = 0, / U J = T}. 
For a subset L of T, let us introduce a function 7^ : Y fl) y x Y 9i r — > Z given by 

7i((i , /), y, J)) = (det g ^j) + |i n 7|) (det g Jf ^1) - |L n J|) . 

Note that 7i((i, /), (j, J)) = 7l((j, </), J)), so that 7^ gives rise to a function on T g>T . Further, 
a Q-divisor 9 L on M 9i t is defined to be 

6 L = 4(g-l + \L\)(g-l)J2^t-12\L\ 2 ^+\L\ 2 hrr- J2 A ^(v)5 v . 
Then, we have the following. 

Theorem 4.1 (char(&;) > 0). For any subset L ofT, the divisor 9 L is weakly positive over any 
finite subsets ofM 9t T- 
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Proof. Clearly, we may assume T = [n] for some non-negative integer n. Let us take an n- 
pointed stable curve / : X — > Y such that the induced morphism h : Y — > M g \ n ] is a finite and 
surjective morphism of normal varieties. Let Y be the maximal Zariski open set of Y over which 
/ is smooth. Let Y \ Y = B\ U • • ■ U B s be the irreducible decomposition of Y \ Y . By using [Q, 
Lemma 3.2], we can take a Zariski open set Yi with the following properties. 

(1) codim(Y \ Yx) > 2 and Y C Y x . 

(2) Yi is smooth at any points of Yi n (Y \ Y ). 

(3) / : Sing(/) n / _1 (Yi) -> /(Sing(/)) n Yi is an isomorphism, so that for all y G Y l5 the 
number of nodes of f~ l (y) is one at most. 

(4) There is a projective birational morphism <p '■ Zx — > X\ = /~ 1 (Y 1 ) such that if we set 
fi = f •</>, then Z\ is smooth at any points of Sing(Ji) fl fi l (Y \ Y ) and fx : Z\ — > Yi is an 
n-pointed semi-stable curve. Moreover, is an isomorphism over X x \ Sing(J). 

(5) For each I — 1, . . . , s, there is a ti such that mult a: (X) = tj + 1 for all x E Sing(/) with 



Let Kq be a subset of {1, ... , s] such that is irreducible for all x <E Bi D Y x , and let 

K x = {1, . . . , s} \ J<" . For each / G iCi, there is a (<ft, //), (/i/, J/) G T 9j [ n ] such that the type of x 
is {((ft, Ii), (hi, J{)} for all x G Sing(/) with /(x) <E Bid Yx. From now on, by abuse of notation, 
we denote B\ fl Yx by B[. For Z G Ki, / 1 ~ 1 (i?/) has two essential components TJ 1 and TJ 2 , and the 
components of (— 2)-curves Ex, ... , E tl such that — > 5 ; is an J r pointed smooth curve of genus 
(ft and Tf — > i?/ is a J r pointed smooth curve of genus ^. Moreover, the numbering of . . . ,E tl 
is arranged as the following figure: 



Let Ti, . . . , T n be the sections of the n-pointed stable curve of / : X — * Y. By abuse of notation, 
the lifting of T a to Zx is also denoted by T a . Here we consider a line bundle L on Z x given by 



f(x)eB l nY 1 . 




T 

L = uj 




where 



ti 



T, 



( f| + 1)2* + J> + 1 



o=l 
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We set E = Ox 1 © L. Then, &is Xi /y 1 {E) = — (/i)*(ci(L) 2 ). Here, we know the following 
formulae: 

' f*(ci(u; Zl/Yl ) ■ ft) = (U + l)(2 9l - 1)5,, 
ifl^l', 
+ if/ = Z', 

/.(E ( ^r .^) = (t I + i)|Ln7 I |B I) 

f*{ci(^Zi/Yi) ■ r a) = -/*( r a " r a)> (adjunction formula) 
[l2det(f4cu Zl/Yl )) - Ei=Si + l ) B i = /.(ci^/yj 2 ) (Noether's formula). 

Thus, we can see that 

dis Zl/n (£) = % - 1 + \L\)(g - 1)/, ( Ci (uj Zi/Yi ) • X) r « ) " 12|L| 2 det(/,(^ l/n )) 

+ ]T |L| 2 (t, + - ]T 4(t, + l)i L ({(gi, Ii), (h h Ji)})B h 

ieK leKi 

On the other hand, for y G Y , let <p : C — > f~ 1 (y) be a finite morphism of smooth projective 
curves. Then, 0*(£| rlfe) ) = CVj' © and 

deg(0*(LL 1( J) = deg(<f>)deg(L\ f . 1(v) ) = 0. 



Therefore, n) is semistable, which means that E^-i^ > is strongly semistable for all 

y G lo- Thus, by Corollary |2]3|, disz 1 /y 1 (5) is weakly positive over any finite subsets of Y as a 
divisor on Y\. Therefore, if we set 

9' L = A(g - 1 + |L|)(<7 - 1)/* ( Cl (u Zl/Yl ) ■ J2 r * J - 12|L| 2 det(/,K l/Yl )) 

+ ]T |L| 2 (t, + l)B l - <*i + 1)7l({(^, Ii), (h h Ji)})B h 
i&k q leK! 

on Y, then 6>£ is weakly positive over any finite subsets of Y as a divisor on Y. Here h*(9 L ) = 9' L , 
so that h*(6' L ) = deg(/i)0£ by the projection formula. Hence we have our theorem by (2) of 
Proposition |1.1.2| . □ 

Let us apply Theorem |TT] to the cases M gA and M 9j2 - 

Corollary 4.2 (char(&;) = 0). Let M 9jl = M 9 ,{i} be the moduli space of one-pointed stable curves 
of genus g > 1. We set 5i, p, 6\ G Pic(M 9j i) ® Q as follows: 

Si = %,0),( s -i,{i})} (1 < i < 9 - !) 
^ = (8</ + 4) A - gd irr - 4z(^7 - i)5 t 
6 1 = Ag(g - 1)^ - 12A + <S irr - Ef=i 4i(z - 1)5,. 

Then, we have the following: 
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(1) p and Q\ are weakly positive over any finite subsets of M g \. In particular, 

9-1 

Q + fi + Q+#i + Q+Sirr + ®+ 5 i ^ Nef ( M 9X> M 9,l)' 

i=l 

where Q + = {x e Q \ x > 0}. (Note that \x = Q\ = if g = 1, and /i — Oifg — 2.) 

(2) We assume g — 1. 77?en, a/i + bd\ + Cj rr 5i rr . is nef over M\ t i if and only ifc irr > 0. 

(3) We assume g>2.Ifa Q-divisor 

9-1 

D = a/i + 6#i + Ci rr 5i rr + Cj5j 

i=i 

is nef over M g \, then b, Ci rr , c\, . . . , c 9 _i are non-negative. 

Proof. (1) p is weakly positive over any finite subsets of M 9i i by [ |TT} Theorem B] or Re- 
mark [2~4t and (2) of Proposition |1.1.3| . Moreover, 6 1 is weakly positive over any finite subsets of 
M 9> x by virtue of the case T = L = {l}in Theorem p~T| . 

(2) This is obvious because p = 9i = 0. 

(3) We assume that D is nef over M g> \. Let C be a smooth curve of genus g, and A the diagonal 
of C x C. Let p : C x C — > C be the projection to the first factor. Then, A gives rise to a 
section of p. Hence, we get a morphism ipi : C — > M g ,\ with y>i(C) C M S) i. By our assumption, 
deg(</?i(-D)) > 0. On the other hand, 

deg(^(/i)) = deg(^*(5 irr )) = deg(^(5i)) = ■ ■ • = deg(^*(5 s _i)) = 

and deg(^(0i)) = - l) 2 . Thus, b > 0. 

Let / 2 : X 2 — > F 2 De a hyperelliptic fibered surface and T 2 a section as in Proposition |33] for 
2 = 0. Let Lf 2 ■ Y 2 — > M 9t i be the induced morphism. Then, ^2(^2) H M g> i 7^ 0, 

deg(^(/i)) = deg(^(5i)) = • • • = deg^O^-i)) = 

and deg(<£>2(^m-)) = deg((5j rr (X 2 /l2)) > 0. On the generic fiber, T 2 is a ramification point of the 
hyperelliptic covering. Thus, 

L 2 = u X2/ Y 2 ®0 X2 (-(2g-2)T 2 ) 
satisfies the conditions of Lemma [377| . Thus, (L 2 ) = 0, which says us that deg(c/> 2 (#i)) = 0. 



Therefore, we get c irr > 0. 

Finally we fix i with 1 < % < g — 1. Let / 3 : X 3 — > F 3 be a hyperelliptic fibered surface and T 3 a 
section as in Proposition pTT| . Let <^ 3 : Y" 3 — > M 5 x be the induced morphism. Then, y9 3 (F 3 ) flM 9 x 7^ 
0, deg(^(/i)) = 0, deg(^(£,)) = (I ^ i) and deg^ft)) = deg(5 l (X 3 /F 3 )) > 0. Let_S 3 be 
the set of critical values of / 3 . For each P G S 3 , let E P be the component of genus i in / 3 ~ 1 (P). 
On the generic fiber, T 2 is a ramification point of the hyperelliptic covering. Thus, 



^3 - ^x 3 /y 3 



Ox 3 (-(2<7-2)r 3 + £(2i-l)£ P ) 



satisfies the conditions of Lemma |3 .7|. Therefore, (Lf) = 0, which says us that deg(</? 3 (#i)) = 0. 
Hence, we get q > 0. □ 
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Corollary 4.3 (char(&;) = 0). Let M g >2 = M 9) {i i2 } be the moduli space of two-pointed stable 
curves of genus g > 2. We set S iy a iy /i, #i i2 E Pic(M 9 2 ) Q as follows: 

h = £{(i,0),( s -i,{i,2})} (i < i < g) 

°i = %,{l}),(g-i,{2})} (1 < i < £ - 1) 

^ = (8gr + 4)A - gS irr - YXX 4i(g - z)^ - £f =1 4i(# - z')^, 

0i,2 = {g ~ l){g + l)(^i + ^2) - 12A + 

- E^(2i - <7 - l)(2i - y + 1)*, - £? =1 4i(t ~ 1)*- 
77zen, we nave the following. 
(1) and #i ;2 are weakly positive over any finite subsets of M g2 . In particular, 



9-1 

i=l 



(2) T/'a Q-divisor 

D = CLfJL + Wi j2 + c irr 5. 



J]Q + 5iCNef(M^;M fli2 ) 



i=l 



9-1 9 

i=i i=i 



on M 9j2 w nef over M 9)2 , then 

b>0, c irr > 0, Q > (Vi = 1, . . . , # — 1), di > (Vi = 1, 
(3) i/ere we sef a, // and 6^ 2 as follows: 

// = (8a + 4)A - ga - £f =1 4 % " 



1.2 



( 5 - !)(<? + l)(^i + V2) - 12A + a - Ef=i 4i(i - l)5i. 



Then, we have 



Q +f j,' + Q + 6' 12 + Q + a + J2 Q+St C Nef (M g , 2 ; M fl)2 ). 

i=l 

Moreover, if a Q-divisor an' + bQ[ 2 + ca + YH=\ on M g 2 is nef over M 9j2 , then b, c, 
di, . . . ,d g are non-negative. 

Proof. (1) By [ pj , Theorem B] or Remark pT4| , and (2) of Proposition |1 . 1 .3| , /1 is weakly posi- 
tive over any finite subsets of M g>2 . Further, 9 12 is weakly positive over any finite subsets of M Si2 



by the case T = L = {1, 2} in Theorem |4~I . 

(2) We assume that D is nef over M 9j2 . Let C be a smooth curve of genus a, and A the diagonal 
of C x C. Let p : C x C — > C and q : C x C — > C be the projection to the first factor 
and the second factor respectively. Moreover, let $ be a line bundle on C with = c^c and 
L n =p*(d® n )®q*(§® n )®Ocxc{{n-l)&). Forn > 3, let T n be a general member of | L n \ . Then, 
since [L\ ) > 0, by Lemma |3T8|, T n is smooth and irreducible. Moreover, T n meets A transversally. 

Then, we have two morphisms p n : T n — > C and g n : T n — > C given by T n <^-> C x C — > C and 
Tn^CxC — C respectively. Let T Pn and T gn be the graph of p n and q n in C x T n respectively. 
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Then, it is easy to see that Y Pn and Y qn meet transversally, and (T Pn ■ T qn ) = (T n ■ A) = 2g — 2. Let 
X — > C x T n be the blowing-ups at points in r pn fl T qn , and let T Pn and r ?n be the strict transform 
of T Pn and Y qn respectively. Then, T Pn and T qn give rise to two non-crossing sections of X — > T n . 
Moreover, 

(u x/Tn ■ T Pn ) = (uj CxTn/Tn ■ T Pn ) = 2(g - 1) deg(r Pn - C) = 2(<? - l)(ny - 1). 

In the same way, {oJ X / Tn ' r gn ) = 2(g — l)(ng — 1). Let 7r n : T n — > M 5j2 be the induced morphism. 
Then, we can see that deg(7r*(A)) = deg(7r*(ai)) = deg(7r*(<!>;)) = for alH = 1, . . . , g — 1. 
Moreover, deg«(^i + ^2)) = 4(# - l)(n# - 1), and deg«(5 9 )) = 2(# - 1). Thus, 

deg«(Z>)) = A{g + l)(g- l) 2 (ng - l)b - 8g(g - lfd g > 

for all n > 3. Therefore, we get b > 0. 

Let f 2 : X 2 — » F 2 be a hyperelliptic fibered surface and T 2 a section as in Proposition |3]4] for 
i = 0. Then, T 2 and j(T 2 ) gives two points of X 2 over Y" 2 . Let ip 2 : Y2 — > M 9 2 be the induced 
morphism. Then, y? 2 (Y" 2 ) n M 5j2 7^ 0, deg(<p 2 ([i)) = 0, deg^^)) = for alH = 1, . . . , g - 1, 
and deg(</2 2 (<5i)) = for alH = 1, . . . , g. Moreover, deg(ip 2 (5 irr )) > 0. On the generic fiber, 
two points arising from T 2 and j(T 2 ) are invariant under the action of the hyperelliptic involution. 
Thus, 

L 2 = cu X2/Y2 ® o Xa (-( g - i)(r 2 + j(r 2 )) 

satisfies the conditions of Lemma |377| . Thus, (L 2 ) = 0, which says us that deg(v9 2 (6'i ]2 )) = 0. 



Thus, we get c irr > 0. 

We fix i with 1 < % < g. Let f 3 : X 3 — > Y 3 be a hyperelliptic fibered surface and T 3 a section 
as in Proposition Let y? 3 : Y 3 — > M 5i2 be the induced morphism arising from the 2-pointed 
curve {/ 3 : X 3 -> F 3 ; T 3 , j(r 3 )}. Then, p 3 (y 3 ) n M 5 , 2 ^ 0, deg(^(/x)) = 0, deg(<^(> s )) = 
(Vs = 1, . . . ,0 - 1), deg(^(5 fl )) = (Vs ^ 2) and deg(<^)) = deg(5 i (X 3 /F 3 )) > 0. Let E 3 
be the set of critical values of / 3 . For each P £ S 3 , let Ep be the component of genus i in f 3 (P). 
On the generic fiber, two points arising from T 2 and j(T 2 ) are invariant under the action of the 
hyperelliptic involution. Thus, 

L 3 = uxs/Ys ® o Xz (-(<?- i)(r 3 + j(r 3 )) + ( 2l - l ) E i 
V PGE3 

satisfies the conditions of Lemma ^77[ Therefore, (L 3 ) = 0, which says us that deg(<£> 3 (0 1)2 )) = 0. 
Hence, we get dj > 0. 

Finally we fix i with 1 < % < g — 1. Let / 4 : X 4 — > y 4 be a hyperelliptic fibered surface 



and T 4 , r 4 sections as in Proposition [33]. Let y? 4 : F 4 — > M S)2 be the induced morphism. Then, 
<^ 4 (r 4 ) n M 5i2 ^ 0, deg{cp*M) = 0, deg(^(5 s )) = (Vs), deg(^(tr 5 )) = (Vs ^ z), and 
deg(v9 4 (<Tj)) > 0. Let S 4 be the set of critical values of / 4 . For each P £ E 4 , let Pp be the 
component of genus z in / 4 ~ 1 (P). On the generic fiber, T 4 and T 4 are a ramification point of the 
hyperelliptic covering. Thus, 

L 4 = u X4/Y4 ®0 X4 (-(<7-l)(r 4 + r 4 )+ {(2i-l)-(g-l))E P 
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satisfies the conditions of Lemma [377|. Therefore, (L\) = 0, which says us that deg^^i^)) = 0. 
Hence, we get c, > 0. 

(3) There are non-negative integers e,- L and /j (1 < % < g — 1) with 

9-1 9-1 

// = fj, + ^ e»<7j and 0' 12 = 6>i, 2 + ^ /i^. 

i=l i=l 

Thus, (3) is a consequence of (1) and (2). □ 

5. The proof of the main result 

Throughout this section, we fix an integer g > 3. The purpose of this section is to prove the 
following theorem. 

Theorem 5.1 (char(fc) = 0). A Q-divisor a\x + bi rr 5i rr + Y^t=i^ b^i on M g is nef over if and 
only if the following system of inequalities hold: 

a > max j & * | % = 1, . . . , [#/2] 

Bq> Bi> B 2 > ■ ■ ■ > B[g/ 2 ], 
B [g/2 ] > ■ ■ ■ > B 2 > B l > ti 0j 
where B , B*, Bi and B* (i = 1, . . . , [g/2]) are given by 

Bo = Ab irr , B* = , ^ irr — -, Bi = — — - — - and B* = w , % -. 

g(2g-iy z(2i + l) 1 (g - i)(2(g - i) + 1) 

Proof. In the following proof, we denote 5, by Moreover, we set 

v g = {{hi} I 1 < h j < 9, i + j = g}- 
For a Q-divisor D = apt + b irr 5 irr + £V b^yS^jy, let us consider the following inequal- 
ities: 

(5.1.1) a ^ b -^f (V{s,t}etJ 9 ) 

(5.1.2) Ab irr > b{s,t} - , , &{fl ' t} r > , 46irr - (V{s,t| G tJ„ with s < t) 
v ; irr -s(2s + l)' t(2t + 1) _ g{2g - 1) V1 ' J 9 ~> 

(5 i 3) fy.fr} > & {M> > b {iM 



1(21 + 1) ~ s(2s + 1)' t(2t+l) - fc(2fc + l) 

(V{s, t}, {/, fc} G U 9 with I < s <t < k) 

(5.1.4) a>0, 6 irr >0, b {s , t} >0 (V{s,t}GtJ 5 ) 

Let /? : Mg-1,2 — ► M g and a Sjt '■ M Sj i x M t)1 — > M g ({s, t} G v g ) be the clutching maps. First, 
we claim the following. 

Claim 5.1.5. The following are equivalent. 

(1) 13* {D) is nef over M 9 _i i2 and a* t (D) is nef over M S| i x M^ifor all {s, t} G v 9 

(2) (gXTb , (gT2| ), ( gXl and ( gXg ) /?oM. 
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On M 9 _i 2, we define a and 8i (i — 1, . . . , g — 1) as in Corollary |4.3| . Moreover, we set 
// = (8g - 4)A -(g-l)a-J2 ^(g - 1 - i)S i} 

i=l 

9-1 

0' = ((/ - 2)y(^i + Va) - 12A + o - 4 ^ ~ 



i=l 



Then, by using (2) of Corollary |1.5.2| , we can see 

g * (D) = (g-l)(g-2)(2g-l)a-3b irr ag - b irr 
' 1 ] ~ g(g-2)(2g-l) » g(g - 2) 



<?(20 - 1) 

Thus, by Corollary fOJ, if (3*(D) is nef over M g _i, 2 , then 



(^-l)(2y + l)6 irT 4i(2i+l) , \ 



(5.1.6) a# > bi rr > 

4z(2z + 1) 
0(20-1) 



(5-1.7) 0{i,g-i} > "77771 —bim (l = 1, . . . , flf - 1) 



Here we set = 6^ = on M^i, and 

-^-j- f (8e + 4)A - e5irr - 4/ ( e _ 0$ 



e-l 
- J^4, 

^ = Ue(e - l)^i - 12A + S irr - ^41(1 - l)5 t 

on M e i (e > 2), where <Vs are defined as in Corollary |4~2~[ Let us fix {s, t} G v g . Then, by using 
(1) of Corollary |1.5.2| , we can see 



al t (D)=p*(D s ) + q*(D t ), 

where p : M S) i x M t)1 — > M S) i and q : M S) i x M tj i — > M t) i are the projections, and _D S e 
Pic(M Sj i) ® Q and A e Pic(M t ,i) <g> Q are given by 

4(0 - l)s(2s + l)a - 3b {S}t ] , Asta - b { . %t} 
Ds ~ 4,(2, + 1) ^ + Is 9 ° 



b {st} \, $A f 1(21 + 1), 

' ^ " 4,(2, + 1) ) 5irr + ^ ' M2^TT) b{s > t} 
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and 



4(g-l)t(2t+l)a-3b {s , t} , Asia - 6 {s , t} 
u t = Al/ni , 1N /"t H ~ "° 



At(2t + l) 



to 



\s,t} 



to{2t + i) 



t-i , 

8 irr + ( b 
l=l ^ 



Thus, by using Corollary £T2]and Lemma [l . 1 .4] , if a* t (D) is nef over M S) i x M ti i, then 



(5.1.8) 
(5.1.9) 

(5.1. 10) 

(5.1.11) 



4sta > b 

b 



{«,*} 



4s(2s + 1) 
/(2/ + 1) 



4t(2t + 1) 



{i,g-0 > ) n - ,\ b{ s ,t} (I = 1, • • • ,s - 1) 



9 {/,9-i} 



> 



s(2s+ 1) 
Z(2J + 1) 
t(2t + 1) 



& {S)t} (/ = !,... ,t-l) 



Therefore, (1) implies ( |5.1.6| ) - ( |5 .1.1 Conversely, we assume ( |5.1.6| ) - ( p.1.1 1[ ). Then by 
using( |5TTT^| ) and ( |5.1.7| ), we can see ( |5.1.4[ ). Thus, we have 



ag - b irr > 
Asia > b {S:t} 



(g-l)(g-2)(2g-l)a-3b irr > 

A(g - l)s(2s + l)a > 3b {s>t} and 4(g - l)t(2t + l)a > 3b {Sjt} . 



Therefore, by Corollary fO[ Corollary |3] and Lemma |1.1.4| , we can see that j3*(D) is nef over 
M 9 _i i2 and a* st (D) is nef over M s ^ x M t) i for all {s, t} G U 9 . Hence it is sufficient to see that 
the system of inequalities fl5.1.6Q - ( |5.1.1 1| ) is equivalent to Q5.1.1D - ( |5.1.3D under the assumption 

(HD. 

The case s = l,t = g — lin ( |5.1.8D and the case i = g — 1 in ( |5.1.7D produce inequalities 

A(g - 1) 

4(# - l)a > 6{i, s -i} and 6{i, s -i} > b irr 

respectively, which gives rise to ( |5.1.6| ). Moreover, it is easy to see that ( |5.1.7[ ) and ( |5.1.9|) ar e 
equivalent to ( |5.1.2[ ), so that it is sufficient to see that ( |5.1.10| ) and ( |5.1.1 1[ ) are equivalent to ( |5.1.3"1 ). 

From now on , we assume s < t. Since s (2s + 1) < t(2t+l), ( p.l.iup and ( p.1.1 1| ) are equivalent 
to saying that 



1(21 + 1) - s(2s + 1) 



(1 < I < s) 



(5.1.12) 

(5 1 13) " lt '" J > 

V ; l{2l + 1) - t{2t + 1) 

where k = g — I. In ( |5.1.12D , t < k < g — 1, Thus, fl5.1.12| ) is nothing more than 



l{s,t} 



(s <l < t), 



b{i, k } > b {S)t} 



1(21 + 1) ~ s(2s + l) 



(l<l<s<t<k<g-l) 
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Moreover, in ( |5.1.13D , s < k < t. Thus, ( |5.1.13[ ) is nothing more that 



> 



b{s,t\ 



k(2k + 1) ~ t(2t + 1) 
Therefore, replacing {s, t} and {/, we have 

b{ s ,t} > b { i M 



(1 < s < I < k < t < g - 1). 



1 < / < s < t < k < g - 1). 



t(2t + 1) ~ A;(2fc + 1) 
Thus, we get Claim |5.1.5j 

By Claim I57T3L it is sufficient to show the following claim to complete the proof of Theorem O 



Claim 5.1.14. (1) D is nef over m] 1 ' if and only if D is nef over M g , (3*(D) is nef over M g _i 2 , 
and a* t (D) is nef over M Sj \ x M t ^for all {s, t} G v g . 

(2) D is nef over M g if and only if Q5.1.4D holds. 

(3) ( pi] ), (|T2|) and ( fTPl ) ?mp/y ( |5T4| ) 



(1) is obvious because 

=M g U(3 g (M g . h2 )U |J a s , t (M S)1 x M til ). 

{s,i}ei7 9 

(2) is a consequence of [ ITT] , Theorem C]. For (3), let us consider the case s — 1, t — g — lin 
( |5.1.2| ). Then, we have 

4(^-1), 



1 ^^7"T* 



9 



which imply b irr > 0. Thus, we can see ( |5.1.4[ ) using ( |5.1.1| ) and ( |5.1.2[ ). 



□ 



Corollary 5.2 (char(&;) = 0). Let A irr and A, (i = 1, . . . , [g/2]) be the normalizations of the 
boundary components A irr and Aj on M g , and pi rr : A irr — > M g and pi : Aj — * M 9 f/ze induced 
morphisms. Then, a Q-divisor D on M g is nef over Mg 1 ^ if and only if the following are satisfied: 

(1) D is weakly positive at any points of M g . 

(2) p* rr (D) is weakly positive at any points of p^ r l(M g ^). 

(3) p* (D) is weakly positive at any points of p^ 1 (Mg 1 ^ ) for all i. 

Proof. Let j3 : M g _ lj2 — > M g be the clutching map. Then, there is a finite and surjective 
morphism (3' : M g -i,2 — > A irr with (3 = p irr ■ f3'. Further, for 1 < i < [g/2], let : 
Mj i x M g _i A — > M g be the clutching map. Then, there is a finite and surjective morphism 
cJ i g _ i : M itl x Mg_ i:1 — > Aj with a ii£ ,_j = pi ■ ol[ ^ In particular, A irr and A/s are Q-factorial. 
Therefore, if D satisfies (1), (2) and (3), then D is nef over Mf\ 

Conversely, we assume that D is nef over Mg~\ (1) is nothing more than [JTT], Theorem C]. As 
in Theorem pTT] , we set D = ap + b irr 5 irr + Y^ilf bi$i on M g . If we trace-back the proof of 
Theorem |5TT| , we can see that 

P*(D) G Q +f i' + Q + 6' + Q+cx + ^ 



Si. 
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Here fi' and 9' are weakly positive at any points of M 9 _i ;2 by (1) of Corollary |T3|. Thus, so is 
P*(D) = P'*(pl r (D)). Therefore, by virtue of (2) of Proposition |TX^ /%(/?*(£))) = deg(P') p* irr (D) 
is weakly positive at any points of p^ r l(M^). Finally, let us consider (3). As in the proof of 
Theorem there are A G Pic(M;,i) <8> Q and £> g _i e Pic(M fl _;,i) <g> Q with a^^D) = 
p*(A) + <f{D a -i), where p : M M x M g _ M -> and g : M M x M 5 _*,i -> M g L iA are the 
projections to the first factor and the second factor respectively. In the same way as for (3*(D), we 
can see that D t (resp. D g -i) is weakly positive at any points of M it i (resp. M 9 _j i) by virtue of 
(1) of Corollary |4~2| . Thus, by using (2) of Proposition |1.1.3| , a* is weakly positive at any 

points of Mj ;1 x M g -i t i. Therefore, we get (3) by (2) of Proposition |1 . 1 .2} □ 



Corollary 5.3 (char(/c) = 0). With notation as in Corollary |]2[ if p* rr (D) is nef over p ir l(M g J ) 
and p*(D) is nef over p^ 1 (M g 1 ^) for all i, then D is nef over M g . In particular, the Mori cone 
of M g is the convex hull spanned by curves lying on the boundary M 9 \ M 9 , which gives rise to a 
special case of\^, Proposition 3.1]. 



Proof. Let f3' : M 9 _ 12 — > A irr and ol ig _ i : M itl x M g _ itl — > A 4 be the same as in Corollary |5]2[ 
By our assumption, j3*(D) = f3'*(p* irr (D)) is nef over M g 12 and = a'^.^p^D)) is 

nef over M itl x M g _ it i for every i. Therefore, by Claim |5.1.5| in Theorem p"TT] , we can see that .D 

is nef over Mg . 

Let NefA(M 9 ) be the dual cone of the convex hull spanned by curves on the boundary A = 

M g \ M g . In order to see the last assertion of this corollary, it is sufficient to check Nef a(M 9 ) = 

Nef (M g ), which is a consequence of the first assertion. □ 



Example 5.4. For example, the area of (b ,bi) (resp. (&o,&i,&2)) with A — b 5 — h5i (resp. 
A — b S — biSi — b 2 S 2 ) nef over M$ (resp. M^) is the inside of the following triangle (resp. 
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polyhedron): 




The area of (by , bi ) with The area of (bo ,61,^2) with 

A — b()8o — b\5i nef over A — boSg — bjSj — b^&i nef over A?| 
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